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Monte Carlo Simulations of Stable Point Defects in Hybrid Nematic Films
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Monte Carlo (MC) simulations based exclusively on nearest-neighbor intermolecular interactions
reveal the existence of stable long-range deformations and topological defects in a thin nematic film
confined between two surfaces with antagonistic (normal and tangential) molecular orientations. Thus
the MC technique allows one to describe a delicate balance of bulk elasticity and surface energy usually
treated only with macroscopic theories. [S0031-9007(97)04727-3]

PACS numbers: 61.30.Cz, 61.30.Gd, 64.70.Md

There are three well-known mechanisms that lead to thenolecular organizations starting in principle from an arbi-
formation of topologically stable defects [1] in systemstrary one. More interestingly the technique can be used to
with spontaneously broken symmetry. The first one isexamine the relative stability of a configuration used as a
fast quench through phase transitions [2,3]. The defectstarting one, to see if and how it evolves into another one
appear as a result of the combination of domains with a@f lower free energy.
different (but uniform within each domain) phase of the Here we deal with a model where the molecules,
order parameter. These defects annihilate in the phasessumed to be three dimensional “headless spins,” lie on
ordering process. Second, defect networks can emerdbe sites of a cubic lattice and interact through the second
as stable structures to minimize the bulk energy. Wellrank Lebwohl-Lasher (LL) potential [11,12]:
known examples are Abrikosov lattices in superconductors Uy = —e:P2(cosBi) (1)
and the so-called twist grain boundary [4,5] and blue Y itz v
phases [6] of liquid crystals (LC). In both the abovewhere €;; equalse > 0 for nearest-neighbor particles
mechanisms the presence of bounding surfaces plays rioand j and is zero otherwiseP, is the second rank
significant role in the formation of the defects. ContraryLegendre polynomialg;; is the angle between the axis,
to this, in the third mechanism stable defects appear asw, u; of the two spinsi,; representing a cluster of
topological response of the system to a closed boundinmolecules whose short-range order is maintained through
surface. For example, for spherically bounded liquidthe temperature range examined [13]. The LL potential
crystal droplets the Poincaré and Gauss theorems guaranteproduces well the orientational ordering of a nematic
the existence of defects provided the anisotropic surfacand its transition to the isotropic phase [11,12].
energyWR? overweights the bulk elastic enerdRr (i.e., The crucial feature of the present MC simulations is the
the system sizeR is larger thanRc = K/W), whereK  type of boundary conditions (BC) imposed onto the sys-
is an effective elastic constant arl is the anchoring tem through layers of spins with suitably fixed orienta-
coefficient [7]. A similar phenomenon occurs when onetions. We mimic a hybrid aligned nematic (HAN) cell [9].
disperses sufficiently large particles in the liquid crystalThe spins of the bottom layet, = 0, have random fixed
bulk [8]. The above topological mechanisms do not work,orientations in the horizontdk, y) plane, while those of
however, when the boundary is not closed or when the sahe top layerz = h, are fixed along the surface normal.
called Euler characteristic of the boundary is zero (as inrhe anchoring of the liquid crystal to the surface spins is
the case of a torus). given by Eq. (1). Open BC, i.e., empty space, are assumed

In this Letter we report the results of Monte Carlo on the four planes surrounding the cell. MC calculations
(MC) simulations with purely microscopic molecular in- normally employ periodic BC with identical replicas sur-
teractions that show the appearance of stable topologicabunding the sample [14]. This artificial periodicity causes
defects for a system in which none of the above threeo fundamental artifacts in the modeling of uniform states.
mechanisms appears to be called to action. Defects aptowever, when the ground state contains topological de-
pear in nematic films with hybrid boundary conditions fects, they might be incompatible with periodic BC and
when the film thicknes& is much smaller than its lateral hence our reason for not using them.
size L. Although similar results are established experi- Independent simulations for various lattice sizes have
mentally and on the basis of continuum theory [9], neithebeen performed using a standard canonical (constant num-
microscopic theory derivations nor computer simulationsber of spinsV, volumeV, and temperatur@™® = kT /)
of such stable defects exist for this LC system. MC simu-Metropolis algorithm [14] to update the lattice, as previ-
lation is a particularly attractive technique to study defectously described in detail [10,12]. In particular we have
[10], since it provides a way of determining equilibrium investigated films containing six, eight, or ten layers in
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addition to the two, top and bottom, fixed surfaces. The
dependence on the system size has been investigated keep-
ing the thickness: fixed and varying the sidé of the
square film. In particular considering ten layers alang
i.e., the two antagonistic surfaces and eight layers between
them, we have varied the square size frofnXx 10 up to

60 X 60 with a step of10. For systems up td. = 30

a wide range of temperatures (about 20) for each system
has been investigated. We have calculated several thermo-
dynamic observables: energy, heat capacity, second and
fourth rank order parameters, and the orientational cor-
relation functions. These results are complementary and
will be reported elsewhere. Moreover simulations at se-
lected temperatures have been performed for fairly large
systems{0 X 50 X 12,100 X 100 X 12,100 X 100 X

10, 100 X 100 X 8, and100 X 100 X 6).

Similarly to real experiments, the simulated textures are
visualized through crossed polarizers. This approach has
been employed in calculations based on continuum theory
[15-17] and MC simulations [13,18]. We compute theFIG. 1. Cross-polarizer images of the evolution of defects
optical patterns corresponding to the simulated configuotb;ﬁ:ge"m‘;"r?]fg Né(r:feiitrlnuéﬁti?]gz g;r?noé)l ?oégoufatlignlﬁgg
ratlons_ by using a Muller matrix approach af‘d the Samgtop Ie?t),6000 ({)op righ¥),509000 (bottom Ieft),SQOOOO (bottom
refractive and material parameters reported in [13]. Th ight) cycles.
light retarded by the liquid crystal molecules in the HAN
cell is observed with crossed polarizers placea At and
(3/4)7r with respect tac. A pixel by pixel intensity map large L/h: in Figs. 4 and 2 (bottom left) one observes
I(x,y) is obtained and the calculation is then repeatedtrong and stable horizontal deformations associated with
over a number (typically 500) of different configurations topological defects. The defects are of strength=
sampled around a certain evolution step to give the averagel, i.e., the director field undergoes &2 rotation
intensity maps shown with a grey coding in the figuresas one goes once around the defect core. The absolute
(between black: no light, and white: light through) [13]. value [m| = 1 is the lowest possible topological charge

In a first set of computer experiments we have starte@f a defect in a HAN film. The core of the defect is
the simulations from a configuration perfectly aligned
along thez axis. As an example we report in Fig. 1
cross-polarizer images of various evolution stages for -
a 100 X 100 X 12 lattice at T* = 0.4. The texture
develops from black to a set of brushes. Each defect
is marked by four brushes emerging from its core [1].
The texture evolves as the system anneals, but the defects
do not disappear even in the longest runs performed
(120000 cycles, where a cycle is a full lattice update)
even though they occasionally migrate outside the sample.
As for the effect of film size we notice that the defects
do not seem to appear until the lateral sizebecomes
much larger thani (e.g., L = 50 for h = 10); see
Fig. 2. We now examine the molecular organizations
corresponding to the optical patterns. Figures 3 and 4
show molecular organizations for the textures of Fig. 2
for the films with small and largel/k, 10 X 10 X
10 and 50 X 50 X 10, respectively. In the film with
small L/h, Fig. 3, the director is strongly deformed in

the vertical plane, obviously following the antagonistic

i — _ ; FIG. 2. Cross-polarizer images of the MC configurations for a
gpunf'aﬁ.c%nqn'oniat Ol?h”dz o h.tThefhotrllz_ontal g 1010 510,20 X 20 X 10, 30 X 30 X 10, 40 X 40 X 10,
irector Tield 1s unitorm, although not pertectly. small 54 . 50 x 10, and 60 X 60 X 10 after the same number of

variations of the director are visible in both FlgS 3ev0|uti0n Cyc|es (05) shown from the smallest (top |eft) to
and 2 (top left). The situation dramatically changes forlargest (bottom right).
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located at the lower surface; the distortions vanish as one
moves towards the upper plate and the molecules reorient
along thez axis. Note that the results described above
are specifically related to the hybrid alignment of the
film. In this case the order paramet@®,), (see, e.g.,
[12]) across the film changes substantially for the larger
lattices but not for the small ones (see Fig. 5). Computer
simulations with identical boundary conditions at the top
and bottom plates reveal no defects: the system relaxes
into a uniform nematic and orthogonal planar BC give a
uniform twisted structure [19]. Furthermore, when one
starts simulations with antagonistic boundary conditions
but uniform (in thex, y plane) film, the system develops
horizontal deformations, indicating that the uniform HAN
state is unstable with respect to the horizontally deformed
state.

A striking result of the MC simulations is that the model
based exclusively on pure nearest-neighbor molecular in-
teractions mimics the long-range deformations with topo-
FIG. 3(color). A three dimensional representation of the MClogically stable defects. Below we show that the MC
molecular organization of 40 X 10 X 10 lattice showing the ragylts agree with the trends predicted by a macroscopic

uniform configuration reached for this small sample. The : . . :
molecular orientations are color coded to show the preferrec?las‘tIC theory. From the point of view of the macroscopic

direction (yellow). Colors are assigned to five equal intervalsth€ory, the LL potential corresponds to one-constant ap-
of 1 = |u - n | = 0: yellow (director), cyan, green, red, blue. proximation in which splay, twist, and bend elastic con-

stants have the same valikeand the divergence elastic
constants vanish. Then the elastic-free energy of the ne-
matic liquid crystal is simply

F = %Kf dVv[(divn)> + (curin)?], 2)

where n is the nematic director. This one-constant
potential suggests that the defect states can be en-
ergetically preferable as compared to the defect-free
distribution with director uniform in the(x,y) plane.
The configurations have different dependence on the
characteristic lengths of the system. The uniform
HAN structure,n, = siné(z), n, = 0, n, = — cosé(z),

0(z) = 0, — az/h, a = (01 — 0,), is distorted only in

Q0.9 b
Voost
0.7 £
0.6 F
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03 F A ® N=10X10X10
E A o N=20X20X10
2F ® N=30X30X10
FIG. 4(color). A three dimensional representation of the MC O N=40X40X10
molecular organization showing 25 X 25 X 10 portion of o E RNt
the 50 X 50 X 10 sample containing the defect (top left). A S
The color coding is the same as in Fig. 3. The other three LAYER

plates show the first (top right), second (bottom left), and third

(bottom right) fluid layers from the bottom surface. MoleculesFIG. 5. The MC order paramet&P,), across the sample for
are color coded yellow when almost oriented alan(f u. | > the various films studied. The lattice size and the corresponding
0.7) and cyan otherwise. symbols are as indicated.
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the vertical plane, because of the difference in the polaance of stable defects: from the point of view of topology,
angles 9, = w/2 and 6, = 0 of the director at the the system is trivial. However, the ground state of the
bottom and top surfaces, respectively (strong anchoringMC simulated system contains stable topological defects.
As a result, the elastic energy of a round HAN film of Physically the effect can be understood as a balance of
radius R ~ L with director uniform in the(x,y) plane surface anchoring that creates director distortions across
scales asR?/h: Jy = mKR?/8h. In contrast, the the cell and nematic elasticity that responds by deforma-
states with topological defects are distorted also in thdions in the plane of the cell. We believe that further
horizontal plane and their energy contains two additionaénlargement of the simulated system would allow a direct
terms that scale linearly and logarithmically witR.  comparison with periodic structures of defects observed
Consider, for example, an = 1 defect in approximation experimentally [20].

that the vertical and horizontal distortions are decoupled We thank NATO for CRG 961264 that made this work
[which can be justified only far away from the defect possible and Regione Emilia-Romagna CED for the use
core, i.e., for largeR/h], n, = sinf(z)cod¢ + c¢); of DEC AXP 7000-710. C.Z.thanks MURST, CNR, and
ny = sinf(z)sin(¢ + ¢); n, = —cosh(z). Here ¢ is  University of Bologna for support. O.D. L. acknowledges
the azimuthal angle in the, y plane, and is the constant NSF ALCOM Center Grant No. DMR-20147.
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